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Abstract
We show that a generalized Landau theory for the smectic A and C phases exhibits a biax-
iality induced AC tricritical point. Proximity to this tricritical point depends on the degree of
orientational order in the system; for sufficiently large orientational order the AC transition is 3D
XY -like, while for sufficiently small orientational order, it is either tricritical or 1st order. We
investigate each of the three types of AC transitions near tricriticality and show that for each type
of transition, small orientational order implies de Vries behavior in the layer spacing, an unusually
small layer contraction. This result is consistent with, and can be understood in terms of, the
“diffuse cone” model of de Vries. Additionally, we show that birefringence grows upon entry to
the C phase. For a continuous transition, this growth is more rapid the closer the transition is to
tricriticality. Our model also predicts the possibility of a nonmontonic temperature dependence of
birefringence.
PACS numbers: 64.70.M-,61.30.Gd, 61.30.Cz, 61.30.Eb
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I. INTRODUCTION
Since its discovery in the 1970’s [1], the nature of the smectic A- smectic C transition has
been a topic of great interest. Early work showed that many systems exhibit a continuous
AC transition which could be described by a mean field model near tricriticality [2]. A
tricritical point, with associated neighboring 2nd order and weakly 1st order transitions was
later found [3, 4]. The origin of an AC tricritical point has been of significant interest,
with two main mechanisms having been proposed. The first is the coupling of the tilt to
biaxiality, which in chiral systems is related to the size of spontaneous polarization [3, 4].
The second is the width of the A phase [5]. Another mechanism, involving a coupling
between tilt and smectic elasticity has also been proposed [6], but this seems less likely.
Until now, a comprehensive theory that addresses the effect of biaxiality on the nature of
the AC transition has not been produced.
More recently, much attention has been given to de Vries materials, which exhibit an
AC transition with an unusually small change in layer spacing and a significant increase in
birefringence (associated with an increase in orientational order) upon entry to the C phase
[7]. Some de Vries materials exhibit another unusual feature, namely a birefringence that
varies nonmonotonically with temperature [8, 9]; in particular, the birefringence decreases
as the AC transition is approached from within the A phase. De Vries materials generally
seem to have unusually small orientational order and follow the phase sequence isotropic (I)
- A - C. In several de Vries materials, the AC transition seems to occur close to tricriticality
[12, 13] .
Separate theoretical models [10, 11] have been developed, each of which predicts the
possibility of a continuous AC transition with the two main signatures of de Vries behavior:
small layer contraction and increase in birefringence upon entry to the C phase. There are
differences between the assumptions used in the models, the most significant of which is
the treatment of the temperature dependence of the layering order parameter; the model of
Gorkunov et al [11] does not take this into account while that of Saunders et al does [10].
Given the absence of a nematic phase in de Vries materials, incorporating the temperature
variation of the layering order parameter is of crucial importance in the modeling of de Vries
materials. It seems most likely that the IA transition in de Vries materials is primarily driven
by the development of layering order, with orientational order being secondarily induced by
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to tric itical. The region whi th ehavior is -lik rinks to ero as the tri itical oin
is approached. Also shown as double end arrows ar th thre distin classes of tran tions (at
fix conce tration): -like, tricriti al and 1s ord
FIG. 1: Phase diagram in temperature (T ) - concentration (c) space. For materials with excluded
volume interactions, increasing the concentration would lead to an increase in the orientational
order. The solid line represents the continuous AC boundary while the dashed line represents
the 1st order AC boundary. These two boundaries meet at the tricrtical point: (T
TC
, c
TC
). The
dotted line indicates the region in which the behavior in the C phase crosses over from XY -like
to tricritical. The region in which the behavior is XY -like shrinks to zero as the tricritical point
is approached. Also shown as double ended arrows, are the three distinct classes of transitions (at
fixed concentration): XY -like, tricritical and 1st order.
the layering order. This is consistent with the general observation [7] that de Vries materials
have unusually strong layering order and unusually weak orientational order. Additionally,
only by including temperature dependent layering, does one predict [10] the unusual, yet
experimentally observed [8, 9], possibility of a nonmonotonic temperature dependence of
birefringence.
Neither model considers the effect of biaxiality on the AC transition. The model of
Gorkunov et al investigates the possibility of an AC transition that has signatures of tricrit-
icality, but does not predict a tricritical point or the possibility of a 1st order AC transition.
In this article, we present and analyze a new generalized onchiral Landau theory, based
on that developed in Ref. [10], which includes orientational, layering, tilt and biaxial order
parameters. The model naturally produces a coupling between tilt and biaxiality and we
show that this coupling leads to an AC tricritical point. We show that the effect of biaxiality
3
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heat near the tinuous AC transition. This mperature dependence is shown in Fig.
FIG. 2: A schematic showing the layer normal and optical axis. The layers are shown as dashed
lines. The transition from the A to C phase occurs via a tilting, by angle θ, of the optical axis
away from the layer normal.
is stronger in systems with small orientational order, M0, so that a tricritical point and
associated neighboring 1st order transition can be accessed by systems with sufficiently
small orientational order, M0 ≤ MTC . Here MTC is the value of the orientational order at
which the system exhibits a tricritical AC transition. This means that the two mech nisms
that have been proposed as leading to tricriticali y, the coupling of tilt to biaxiality and the
width of the A phase, may in fact be two sides of the same coin. Systems with a narrow
A phase, which are thus close to the I phase, will have small orientational order, which
according to our model, leads to an enhanced effect of the biaxiality on the nature of the
AC transition. For materials with excluded volume interactions, a decrease in orientational
order could be achieved by decreasing concentration.
Figure 1 shows the phase diagram for our model near the tricritical point in temperature
(T ) - concentration (c) space, along with the three different types of transitions: XY -like,
tricritical and 1st order. In each case the transition from the A phase to the C phase implies a
tilti g of the optical axis away from the normal to the sm ctic layers by an angle θ, a shown
schematically in Fig. 2. Our model gives the expected temp rature d pendence of θ for each
type of transition, as summarized in Fig. 3. For both the XY -like and tricritical transitions
the growth of θ with decreasing temperature is continuous, although with different scaling
for each transition. It should be noted that here, and throughout the article, exponents
are calculated within mean field theory, and do not include the effects of fluctuations. For
example, it is known that when fluctuation effects are included in analysis of the 3D XY
4
transition, θ scales like (1− T
TC
)β, with β ≈ 0.35, whereas in mean field theory β = 0.5. The
use of mean field theory is justified by the fact that virtually all continuous AC transitions
are observed to be mean field like.
For the 1st order transition the tilt angle θ jumps discontinuously at the transition.
Our model also leads to the expected [2] temperature dependence of specific heat c
V
near
the continuous AC transition. This temperature dependence is shown in Fig. 4. For an
XY -like transition c
V
jumps by an amount ∆c
V
as the system enters the C phase. If the
transition becomes tricritical (M0 → MTC+, via decreasing concentration), the size of this
jump diverges. Our model predicts that the divergence should scale like
∆c
V
∝ 1
M0 −MTC . (1)
For a 1st order AC transition there is an associated latent heat l. We show that if the
transition becomes tricritical (M0 → MTC−, via increasing concentration) then the latent
heat vanishes like
l ∝ (MTC −M0) . (2)
The model is also used to examine the behavior of the layer spacing and birefringence
for the three possible transitions (XY -like, tricritical, 1st order). We show that, for all
three types of transitions, an unusually small layer contraction can be directly attributed
to unusually small orientational order, M0. Specifically, we find that for any of the three
possible types of transitions
∆d ∝ M0 (1− cos(θ)) ≈ 1
2
M0θ
2 , (3)
where the tilt angle θ is small near a continuous or weakly 1st order transition. We define
the layer contraction as ∆d ≡ (dAC − dC)/dAC, where dAC and dC are the values of the
layer spacing in the A phase (right at the AC boundary) and in the C phase, respectively.
Schematic plots of ∆d vs. θ
2 are shown in Fig. 5 for two types of systems: one “ de Vries”-
like and the other “conventional” . The “de Vries”-like system has small orientational order
M0 ≪ 1 and thus has a small slope of ∆d vs. θ2, which corresponds to small layer contraction.
The “conventional” system has strong orientational order M0 = O(1), and thus has a larger
slope, which corresponds to significant layer contraction. It should be noted that for a 1st
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FIG. 3: The tilt angle θ as a function of reduced temperature t ≡
(
1− T
TC
)
near the AC transition
temperature TC , i.e., for t≪ 1. Upon entry to the C phase the growth of the tilt angle scales like
|t| 12 for a mean field XY -like transition. For a tricritical transition it scales like |t| 14 and is thus
more rapid. For a 1st order transit on there is a jump in the tilt angle upon entry to the C phase.
order transition there will be a jump in the tilt angle θ at the transition, and thus, the ∆d
versus θ2 line would not extend all the way to zero.
This result of our rigorous theory complements the simple geometric diffuse cone ar-
gument of de Vries [14], which is shown in Fig. 6. The conventional, but oversimplified,
relationship between layer contraction and tilt angle, ∆d = (1− cos(θ)), is obtained geo-
metrically by assuming a liquid crystal with perfect orientational order, as shown in Fig.
6(a). However, it has long been known that the orientational order in liquid crystals is
far from perfect. The schematic in Fig. 6(b) shows a more realistic arrangement of the
molecules in the A phase. The molecular axes are tilted away from the optical axis, but
in azimuthally random directions. One can see that the more the molecules are tilted, the
smaller the orientational order in the A phase. The diffuse cone model argues that, upon
entry to the C phase, the “pre-tilted” molecules do not need to tilt but rather need only to
order azimuthally, thus leading to an unusually small layer contraction. Thus, the smaller
the orientational order in the A phase, the more “pre-tilted” the molecules will be and the
smaller the layer contraction will be. As shown n Eq. (3), our rigorous theoretical an lysis
predicts a small contraction for systems with small orientational order, which agrees with
this geometric argument. It also correlates well with the general experimental observation
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and thus ha small lo of vs. whic corresponds to mall la er contraction.
The “con entional” has strong orientational order (1), and thus has larger
slope, hic corresponds signific la con raction. should noted hat 1st
orde transition there ill jump in the tilt angle at the transition, and thus, the
ersus line ould not extend all the to zero.
This result of our rigorous theory complements the simple geome ric diffus cone r-
gumen of de ries [14], whic is sho in Fig. The co entional, but ersimplified,
relationship een co traction nd tilt angle, (1 cos( )), is btained
FIG. 4: The specific heat c
V
as a function of reduced temperature t ≡
(
1− T
TC
)
near the continuous
AC transition temperature TC , i.e., for t≪ 1. As the transition is approached from C phase, the
specific heat grows like c
V
∝
(
1− T
Tm
)− 1
2
, where Tm > TC . This growth is cut off at T = TC ,
where it reaches a maximum value, ∆c
V
. If the transition becomes tricritical Tm → TC and cV
diverg s at the transition. Note that the specific he t show h re only includes the contribution
from the piece of the free energy density associated with the ordering as the system moves into the
C phase. For a 1st order transition there will be a latent heat absorbed in going from the C phase
to the A phase.
[7] that de Vries materials have small orientational order.
From Fig. 6(b) one also expects a growth of orientational order, and hence birefringence
∆n, as the system moves into the C phase. It is useful to define a fractional change in
birefringence ∆∆n ≡ ∆n−∆nAC∆nAC , where ∆nAC is the value of the birefringence in the A phase
ight at the AC bound ry. Our model predicts that upon e try to the C phase, for any
of the three types of transitions (XY -like, tricritical, 1st order), ∆∆n of a de Vries type
material will grow according to ∆∆n ∝ θ2. While the dependence of ∆∆n on θ is the same
for all three types of transitions, its dependence on temperature is not the same because, as
shown in Fig. 3, θ scales differently with temperature for each type of transition. Thus,
∆∆n ∝ θ2 ∝


(1− T
TC
) XY -like
(1− T
TC
)
1
2 tricritical
jump 1st order
. (4)
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FIG. 5: la er contraction AC /dAC as function of near the AC tran tion.
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metrically assuming liquid crystal with erfect orien ational orde as shown in Fig.
6(a). Ho ever, it has long een nown that the orien ational order in liquid ystals is
far from erfect. The schematic in Fig 6(b) shows more realistic rrangemen of he
molecules in the phase. he molecular xes are ilted om the ptical xis, but
in azimuthally andom direc ions. One can see that the more th molecules ar tilted, he
smaller he orien ational rder in he phase. The diffuse cone model argues that upon
entry to the phase, th pre-tilted” molecule do not nee to ilt but ather need nly to
orde azimuthally us le ding an unusually small la traction. us the smaller
the orientational rder in the phase, the more “pre-tilted” he molecule will and the
smaller he la er traction will e. As shown in Eq. (3) our rigorous theoretic analysis
predicts small con ractio for systems with mall rientationa order, whic gr es with
this geome ric argume t. also correlates ell wit he ene al experimenta observ tion
[7] tha de ries mat ials ha small orien ational order.
rom Fig (b) ne also expects ro of rientational order, nd hence biref ingence
FIG. 5: The layer contraction ∆d ≡ (dAC − dC)/dAC as a function of θ2 near the AC transition.
For any type of transition the contraction will scale like M0θ
2. Thus, the slope of ∆d versus θ
2
is proportional to the orientational order M0 in the system. Near tricriticality, the orientational
order is small andM0 ≪ 1 and so the contraction is also small. Also shown is the layer contraction
for a system with strong orientational order M0 ≈ 1, for which the contraction will be sizable. For
a 1st order transition there will be a jump in the tilt angle θ at the tra sition a d thus, the ∆d vs.
θ2 line does not extend all the way to zero.
The growth of ∆∆n as a function of reduced temperature t ≡
(
T
TC
− 1
)
is shown in Fig.
7. For an XY -like transition the growth will be linear ∝ |t|, while for a transition at
tricriticality it scales like ∝ |t| 12 and is thus more rapid. For a 1st order transition there will
be a jump in the tilt angle and thus an associated jump in ∆∆n, although near tricriticality,
where the transition is only weakly 1st order, the jump will be small.
Our model also predicts (for materials with excluded volume interactions) the possibility
of birefringence that decreases as the AC transition is approached from the A phase, which as
discussed above, is an unusual feature that has been observed experimentally [8, 9]. For any
of the three typ s of transitions ∆∆n decreas s linearly with temperat re as the transition
is approached from the A phase, as shown in Fig. 7. The decrease in birefringence is
particularly unusual, as it indicates that the system is becoming less ordered (orientationally)
as a lower symmetry (C) phase is approached. To the best of our knowledge, this is the first
example of such a phenomenon.
It should be emphasized that our analysis is only made tractable, and thus is only valid,
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FIG. 6: (a) An implified hematic showing the arrangemen of molec le in th phase,
in whic th ori tational ord rf ct. Su model predi ts that, as th sys mo
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th “pre-tilte molec le do not ed to tilt bu rath nee onl to order azim thally thus
leadin to an un ally mall er contraction Thus, the mall the orientational order in the
phase, th more “pre-tilted” th molecul wil and th sma le the la contraction wil e,
an interpr tation consiste with our sult, Eq. (3). The gure also shows that, as res lt of the
azim thal orderin as th system es in he phase, ould ecome or ori tationall
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tricritic l, 1st order) of the AC transition near this tric itical in in Section IV. Section
examine the thermodynamic nature of ea yp transition. Sp cifically calculat
the sp cific nd laten he ts for he co tinuous and order transitions es ectively Lastly
study the ehavio of the la er spacing and birefring nce near he AC transition in Section
VI. briefly summariz our result in Section VII. The Appendix included details of he
analysis fro Sectio VI.
FIG. 6: (a) An oversimplified schematic showing the arrangement of molecules in the A phase,
in which the orientational order is perfect. Such a model predicts that, as the system moves
into the C phase, the layer spacing should contract according to ∆d ≡ (1− cos(θ)), where ∆d =
(dAC − dC)/dAC . (b) A more realistic arrangement of the molecules in which the molecular axes
are tilted away from the optical axis, but in azimuthally random directions. The more that the
molecules are tilted, the smaller the orientational order. As the system moves into the C phase,
the “pre-tilted” molecules do not need to tilt but rather need only to order azimuthally, thus
leading to an unusually small layer contraction. Thus, the smaller the orientational order in the
A phase, the more “pre-tilted” the molecules will be and the smaller the layer contraction will be,
an interpretation consistent with our result, Eq. (3). The figure also shows that, as a result of the
azimuthal ordering as the system moves into the C phase, it should become more orientationally
ordered.
in the limit of weak coupling between order parameters. This means that our results do
not imply that all materials with small orientational order will have AC transitions close
to tricriticality or will exhibit de Vries behavior. Similarly, not all materials exhibiting de
Vries behavior must have AC transitions near tricriticality. In other words, the conclusions
that our model leads us to are generic but not ubiquitous. The remainder of this article
is organized as follows. In Section II we introduce our model and in Section III we locate
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I. ODEL
The starting oin for our analysis is neralize ersio of the free energ densit
intr duced in Ref. [10], hic includes orientational, tilt (azimuthal), biaxial and la ering
orde parameters. The complex la ering rder parameter is defined via the densit
Re( with consta and the la ering evector, he rbitrary direction whic
is tak he remaining order parameters re em di in the usual sec nd rank
tensor orie tational orde parameter hic is most eniently expr ssed
ij [( cos( n( ))
+( cos( n( ))
+2 cos( (5
10
FIG. 7: The fractional change in birefringence ∆∆n ≡ ∆n−∆nAC∆nAC as a function of reduced temper-
ature t ≡
(
1− T
TC
)
near the AC transition temperature TC , i.e., for t ≪ 1. For materials with
excluded volume interactions, we expect the birefringence ∆n, and thus ∆∆n, to decrease as the
AC transition is approached from within e A phase. For all three types of transitions (XY -like,
icritical, 1st orde ) this dec ease will scale linearly ∝ t with reduced tem rature. Upon entry to
the C phase the birefringence ∆n, and thus ∆∆n, will grow. The growth is linear ∝ |t| for a mean
field XY -like transition. For a tricritical transition the growth scales like ∝ |t| 12 and is thus more
rapid. For a 1st order transition there will be a jump in birefringence as the system enters the C
phase.
and analyze the biaxiality induced tricritical point. We then analyze the nature (XY -like,
tricritical, 1st order) of the AC transition near this tricritical point in Section IV. In Section
V we examine the thermodynamic nature of each type of transition. Specifically, we calculate
the specific and latent heats for the continuous and 1st order transitions, respectively. Lastly
we study the behavior of the layer spacing and birefringence near the AC transition in Section
VI. We briefly summarize our results in Section VII. The Appendix includes details of the
analysis from Section VI.
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II. MODEL
The starting point for our analysis is a generalized version of the free energy density
introduced in Ref. [10], which includes orientational, tilt (azimuthal), biaxial and layering
order parameters. The complex layering order parameter ψ is defined via the density ρ = ρ0+
Re(ψeiq·r) with ρ0 constant and q the layering wavevector, the arbitrary direction of which
is taken to be z. The remaining order parameters are embodied in the usual second rank
tensor orientational order parameter Q, which is most conveniently expressed as
Qij =M [(− cos(α) +
√
3 sin(α))e1ie1j
+(− cos(α)−
√
3 sin(α))e2ie2j
+2 cos(α)e3ie3j ] , (5)
where eˆ3 = c+
√
1− c2zˆ is the average direction of the molecules’ long axes, (i.e., the direc-
tor). Here, in either smectic phase, zˆ is normal to the plane of the layers. The projection,
c, of the director onto the layers is the order parameter for the C phase. The other two
principal axes of Q are given by eˆ1 = zˆ× cˆ and eˆ2 =
√
1− c2cˆ− czˆ. These unit eigenvec-
tors are shown in Fig. 8. The amount of orientational order is given by M ∝ √Tr(Q2),
which is thus proportional to the birefringence. The degree of biaxiality is described by the
parameter α. The A phase is untilted (c = 0) and uniaxial (α = 0), while the C phase
is tilted (c 6= 0) and biaxial (α 6= 0). From Fig. 8 it can be seen that the angle θ, by
which the optical axis tilts, can be related to c via c = sin(θ). Taking both ψ and Q to be
spatially uniform allows the use of a Landau free energy density f = fQ + fψ + fQψ, with
the orientational (fQ), layering (fψ), and coupling (fQψ) terms given by
fQ =
tnTr(Q2)
12
− wTr(Q
3)
18
+
un(Tr(Q2))2
144
, (6)
fψ =
1
2
ts|ψ|2 + 1
4
us|ψ|4 + 1
2
K(q2 − q20)2|ψ|2, (7)
fQψ =
qiqj |ψ|2
2
[
− (a(q2)− b(q2)|ψ|2)Qij + g(q2)QikQjk
+
h(q2)
2
qkqlQklQij − s(q
2)
4
(qkqlQkl)
2Qij
]
, (8)
where the Einstein summation convention is implied and qi ≡ qδiz. As usual in Landau
theory, the parameters tn and ts are monotonically increasing functions of temperature and
11
FIG. 8: The unit igen ector of th ori tational ord or Thes ar shown
as oli arr s, with ointin into the page. Also wn as otte arr w, is the la erin
direction whic is ormal to th plan of th la ge ector corres ond to the
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FIG. 8: The unit eigenvectors, eˆ1, eˆ2, eˆ3 of the orientational order tensor Q. These are shown
as solid arrows, with eˆ1 pointing into the page. Also shown, as a dotted arrow, is the layering
direction zˆ, which is normal to the plane of the layers. The eigenvector eˆ3 corresponds to the
average direction of the molecules’ long axes. The order parameter, c, for the C phase is the
projection f eˆ3 onto the plane of the layers, and is shown as a dashed arrow. The angle θ, by
which the optical axis tilts, is also shown.
control the “bare” orientational and layering order parameters, M0 and ψ0 respectively. By
“bare” we mean the values the order parameters would take on in the absence of the coupling
term fQψ. Similarly, the constant q0 is the bare value of the layering wavevector. From Eq.
(7) above, we immediately find |ψ0| =
√−ts/us. The remaining parameters in fQ and fψ
(w, un, us, K) are positive constants.
The coupling piece of the free energy, fQψ, includes the lowest order (in fields ψ and
Q) terms necessary to obtain an AC transition with tricriticality. The dependence on q2
of each of the coupling parameters, a, b, g, h and s, takes into account all other possible
terms that hav the same tensorial form, but with higher powers of q2, which is not an order
parameter and is therefore not assumed t be small. For weak coupling, q ≈ q0 we can
Taylor expand each coupling parameter, e.g. a(q2) ≈ a0 + a1(q2 − q20), where a0 ≡ a(q20),
and a1 ≡ dad(q2)
∣∣∣
q2=q2
0
. For all but one of the couplings it is sufficient to use the zeroth order
approximation, e.g. g(q2) ≈ g0. It will be seen below that a1, the first order correction to
a0, is necessary for layer contraction at the AC transition. For notational convenience, we
will, for the remainder of the article, write a(q2) as a with the q2 dependence implied. To
render the analysis tractable, the coupling parameters are all assumed to be small and are
treated perturbatively throughout.
The relatively large number of parameters in f is inevitable given the fact that the theory
incorporates four types of order, layer spacing and also allows for continuous, 1st order and
tricritical AC transitions. Additionally, it will be shown that proximity to tricriticality and
12
the signatures of de Vries behavior can be interpreted simply in terms of the size of the
orientational order.
III. BIAXIALITY INDUCED AC TRICRITICAL POINT
To investigate the nature of the AC transition, we expand the part of the free energy
density involving orientational order, fQ+fQψ in powers of the biaxial and tilt order param-
eters, α and c. This expansion is done near the continuous AC transition temperature TC
(i.e. for (T −TC)/TC ≪ 1) and to lowest order in M and ψ. We find fQ+ fQψ ≈ fM + fcoup.
The piece fM only involves the orientational order parameter M and is given by
fM =
1
2
tnM
2 − 1
3
wM3 +
1
4
unM
4 . (9)
From fM we immediately find the bare value of orientational order M0(tn) = (w +√
w2 − 4untn)/2un. It is useful to write the orientational order as a combination of the
bare value and a correction: M = M0(1 + ∆M ), where the correction ∆M is due to the
coupling piece fcoup. The correction ∆M can be thought of as an augmentation of the bare
orientational order M0 due to the presence of layering order. As discussed in Ref. [10], de
Vries behavior is implied by a virtually athermal tn (and thus, an athermal M0), so that
for a given material M0 can be thought of as a fixed quantity. This would correspond to
almost perfect excluded volume short range repulsive molecular interactions. This means
that the temperature variation in orientational order M is effectively due to its coupling to
the temperature dependent layering, i.e. via ∆M . We assume and verify a posteriori that in
the limit of weak coupling ∆M ≪ 1. Similarly, we express the wavevector as q2 = q20(1+∆q)
and the layering order as |ψ|2 = |ψ0|2(1 + ∆ψ). The bare wavevector q0 is also taken to be
athermal but the bare layering order parameter ψ0 is not.
The coupling piece can be broken up into three pieces: fcoup = fMψ + fc+ fαc. The piece
fMψ involves a coupling between layering and orientational order, that is non-zero in both
A and C phases, and is given by
fMψ = q
2|ψ|2M (−aτ + g0M − h0q2M) , (10)
where
τ = 1− b0|ψ|
2 + (g0 + 2h0q
2)M
a
. (11)
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The piece fc involves the tilt (azimuthal) order parameter c and is given by
fc =
1
2
rcc
2 +
1
4
ucc
4 +
1
6
vcc
6 . (12)
The coefficients rc, uc, vc are given by
rc = 3aq
2|ψ|2Mτ , (13)
uc = 9h0q
4|ψ|2M2 , (14)
vc =
81
4
s0q
6|ψ|2M3 . (15)
At the continuous AC transition the parameter τ (and thus also rc), changes sign. Close to
the transition τ ∝ (T − TC)/TC ≪ 1 and can be considered small. From Eq. (11) we see
that to lowest order in the corrections ∆M,q,ψ and for athermal M0, this transition, occurs
due to layering order increasing as temperature decreases. The transition temperature TC
is defined via |ψ0(TC)| =
√
(a0 − (g0 + 2h0q20)M0/b0, or equivalently
ts(TC) = −us(a0 − (g0 + 2h0q
2
0)M0)
b0
. (16)
This continuous phase boundary is shown as a solid line in Fig. 9, the phase diagram in
ts-M0 space. For a given material, decreasing the temperature would, in the phase diagram
of Fig. 9, correspond to moving horizontally from right to left. The size of the orientational
orderM0 should increase with concentration. Thus, the topology of the corresponding phase
diagram, Fig. 1, in temperature-concentration space should essentially be the same as that
shown in Fig. 9.
The coupling between tilt and biaxiality appears in the final piece
fαc = Aααc
2 +
1
2
Bαα
2 , (17)
where, to lowest order in τ ,
Aα =
3
√
3
2
g0q
2|ψ|2M2 , (18)
Bα = 3M
2
(
wM − g0q2|ψ|2
)
. (19)
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FIG. 9: The phase diagram in ts-M0 space near the tricritical point (tsTC ,M0TC ). The quantity M0
is a measure of how much bare orientational order the system possesses and for de Vries materials is
effectively athermal. Increasing concentration should increase M0. The quantity ts is a monotonic
function of temperature so that for a given material, decr asing the temperature corresp ds
to moving horizontally from right to left. The opology of the corresponding phase diagram in
temperature-concentration space should essentially be the same. The solid line represents the
continuous AC boundary while the dashed line represents the 1st order AC boundary. These two
boundaries meet at the tricritical point (tsTC ,M0TC ). The dotted line indicates the region in which
the behavior crosses over from XY -like to tricritical. The region in which the behavior is XY -like
shrinks to zero as the tricritical point is approached. The slopes of the 1st order and continuous
AC boundaries are equal at the tricritical point. Also shown as double ended arrows, are the three
distinct classes of transitions: XY -like, tricritical and 1st order.
From Eq. (17) we see that biaxiality is induced by tilt order. Minimization gives
α = −χαc2 , (20)
where χα can be thought of as a biaxial susceptibility and is given by
χα =
√
3
2
(
wM
g0q2|ψ|2 − 1
)−1
. (21)
Keeping in mind the weak coupling regime of our analysis, i.e. g0 ≪ 1, we see that the
systems with small orientational order M will have large biaxial susceptibility. Thus, large
biaxiality (and for chiral materials, an associated large spontaneous polarization) can be
directly attributed to small orientational order. In fact, Eq. (21) predicts that the biaxial
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susceptibility will be largest in systems that have a combination of weak orientational order
(M) and strong layering order (|ψ|). It has been observed [7] that this combination may be
common in de Vries materials. It should be noted that the expression for χα is only valid for
M > ML ≡ g0q2|ψ|2/w, below which terms we have neglected become important. However,
we will see that the tricritical point we predict occurs at a value of M > ML.
The effect of the biaxiality on the AC transition is to renormalize the quartic coefficient
in Eq. (12), giving
u′c = uc
(
1− g0√
3h0q2
χα
)
. (22)
For small biaxial susceptibility χα (corresponding to strong orientational order), the renor-
malized quartic coefficient u′c > 0 and the AC transition is continuous. For large χα (corre-
sponding to weak orientational order), u′c < 0 and the transition is 1st order. The tricritical
point occurs at τ = u′c = 0, which, to lowest order in the corrections ∆q,ψ, corresponds to
M =MTC with
MTC =
a0g0q
2
0
b0w
(
1 +
g0
2h0q
2
0
)
, (23)
which is larger than ML. For small coupling (a0, b0, g0, h0 ≪ 1) the value of orientational
order MTC at tricriticality will also be small. In obtaining Eq. (23) we have used Eq.
(11) at tricriticality to find |ψ0TC |2 ≈ a0/b0, an approximation that is valid for small MTC .
Equivalently, tsTC ≈ −usa0/b0.
IV. AC TRANSITION NEAR THE TRICRITICAL POINT
Having found the biaxiality induced tricritical point, we now investigate the nature of
the AC transition in the vicinity of the tricritical point. We analyze both the continuous
AC transition and the 1st order AC transition.
A. Continous AC Transition Near Tricriticality
For sufficiently large orientational order, M > MTC , the renormalized quartic coefficient
u′c > 0 and the AC transition is continuous. As discussed in Section III, the phase boundary
is defined via τ = 0 or equivalently ts = ts(TC). Upon entry to the C phase, τ becomes
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negative and, minimizing the effective fc (i.e. with uc → u′c) with respect to c we find that
the tilt order parameter grows continuously with increasing |τ | like
c =
[
2h′0
9s0q2M
(
−1 +
√
1 +
3as0
(h′0)
2
|τ |
)] 1
2
, (24)
where the effect of the coupling between biaxiality and tilt is incorporated via a renormalized
h′0, which by expanding χα close to tricriticality (i.e. M ≈MTC) can be shown to be
h′0 = h0
(
1 +
2h0q
2
g0
)(
M −MTC
MTC
)
. (25)
Like u′c, h
′
0 changes sign at M = MTC . It is straightforward to show that sufficiently close
to the transition (|τ | ≪ |τ∗|), the dependence of c on τ is effectively XY -like and that
sufficiently far from the transition (|τ | ≫ |τ∗|) it is tricritical, i.e.,
c ≈


c
XY
=
√
a
3h′
0
q2M
(|τ |) 12 |τ | ≪ |τ∗|
c
TC
=
(
4a
27s0q4M2
) 1
4
(|τ |) 14 |τ | ≫ |τ∗|
. (26)
The crossover from XY -like to tricritical behavior occurs in the region τ = O(τ∗) where τ∗
is the value of τ where the c
XY
= c
TC
,
|τ∗| = 4
3
(h′0)
2
as0
. (27)
Near tricriticality where M is small, the corresponding ts∗ is given by ts∗ = ts(TC)(1 + |τ∗|)
and is shown as a dotted line in Fig. 9. The width of the region in which the behavior is
XY -like shrinks to zero as the tricritical point is approached. Near the transition, the tilt
angle θ ≈ c, and its scaling with temperature is shown in Fig. 3 for both an XY -like and a
tricritical transition. Of course, the XY behavior of Eq. (26) is that of a mean -field theory
and incorporating fluctuation effects would yield c ∝ τβ with β ≈ 0.35.
B. 1st Order AC Transition Near Tricriticality
When the orientational order is small enough (M < MTC) the quartic coefficient (u
′
c)
changes sign. The free energy now has two local minima, one at c = 0 and another at
c
1st
=
[
2|h′0|
9s0q2M
(
1 +
√
1− 4τ|τ∗|
)] 1
2
. (28)
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The 1st order AC transition, and the jump from c = 0 to c = c
1st
, occurs when the free
energy at c
1st
becomes smaller than the free energy at c = 0. The location of the 1st
order boundary can thus be obtained by finding where the two free energies are equal, or
equivalently, where the difference ∆f between them is zero. To lowest order in corrections
∆M,q,ψ this difference is just the effective fc (i.e. with uc → u′c) evaluated at c1st and is given
by
∆f =
|h′0|3
27s20
(
1 +
√
1− 4τ|τ∗|
)2(
1− 2
√
1− 4τ|τ∗|
)
, (29)
which when set to zero yields an expression for the location of the 1st order AC boundary
τ
1st
=
3
16
|τ∗| . (30)
This boundary is shown as a dashed line in Fig. 9. At the transition the tilt order parameter
jumps from zero to a value c
1stAC
=
√|h′0|/(3s0q2M). Close to tricriticality, where the tran-
sition is weakly 1st order, c
1st
is small and ≈ θ. The corresponding temperature dependence
of θ is shown in Fig. 3. The size of the jump in c (and thus θ) goes to zero at the tricritical
point, where h′0 → 0−.
V. THERMODYNAMIC NATURE OF THE AC TRANSITION NEAR TRICRIT-
ICALITY
We next investigate the thermodynamic nature of the AC transition near tricriticality.
First we analyze the specific heat near the continuous transition and then the latent heat at
the 1st order transition.
A. Specific heat near the continuous AC transition
It is well established [2] that the specific heat will exhibit a jump at the continuous
AC transition and that the thermodynamic signature of a continuous transition close to
tricriticality is a divergence of this jump [3]. We obtain the specific heat for our model using
c
V
= −T d2f ′c
dT 2
, where the prime indicates the use of the biaxiality renormalized u′c, as given by
Eq. (22), in fc. In using f
′
c instead of the full free energy density f , we are focussing on the
contribution to the specific heat associated with the onset of ordering as the system moves
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into the C phase. It is this contribution that is responsible for the specific heat jump. As
discussed above, following Eq. (15), in a material with athermal M0 the transition from the
A to C phase is driven by the layering order which increases with decreasing temperature.
Near tricriticality, where the orientational order is small, the value of the layering order at
the transition is |ψ0(TC)| ≈
√
a0/b0, and the dimensionless parameter τ can be expressed as
τ = 1− |ψ0(T )|
2
|ψ0(TC)|2 ≈ γc
(
T
TC
− 1
)
, (31)
where we have Taylor expanded |ψ0(T )| near T = TC and the dimensionless parameter
γc > 0 is given by γc = − TC|ψ0(TC)|2
d|ψ0(T )|2
dT
∣∣∣
T=TC
. Using Eq. (31), the specific heat can be
expressed as
c
V
= −T
(
γc
TC
)2
d2f ′c
dτ 2
. (32)
In the A phase, where f ′c = 0, the specific heat is zero. Using Eq. (24) for c and Eq. (12)
(with uc → u′c) for f ′c we can find the specific heat in the C phase. Thus we find
c
V
=


0 τ > 0
T
(
γc
TC
)2
a2|ψ0(TC)|
2
2h′
0
[
1+|τ |q
1+ 4|τ |
|τ∗|
+ |τ∗|
(√
1 + 4|τ |
|τ∗|
− 1
)]
τ < 0
. (33)
Close to tricriticality, where τ∗ is small, the specific heat in the C phase near the transition
is dominated by the first term. Substituting |τ | = γc
(
1− T
TC
)
(valid in the C phase where
T < TC) into the first term, we find that cV scales like
c
V
∝
(
1− T
Tm
)− 1
2
. (34)
where Tm = TC
(
1 + |τ∗|
4γc
)
> TC . This scaling is shown in Fig. 4, where it can be seen that
specific heat grows as the AC transition is approached from the C phase. This growth is cut
off at T = TC (or equivalently τ = 0), where it reaches a maximum value. This maximum
value is the size of the specific heat jump at the AC transition and is found to be
∆c
V
= T
(
γc
TC
)2
a2|ψ0(TC)|2
2h′0
. (35)
If the transition becomes tricritical then Tm → TC and cV diverges at the transition. Equiv-
alently, at tricriticality h′0 = 0 and size of the jump ∆cV diverges. Using Eq. (25) we
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FIG. 10: The size of the specific heat jump ∆c
V
as a function of the system’s orientational order
M0. As M0 → MTC the transition becomes tricritical and the specific heat jump diverges. For
systems with athermal M0 i should be experimentally possible o drive the syst m to tricriticality
by varying the concentration.
can relate a system’s bare orientational order M0 to its proximity to tricriticality (where
M0 =MTC) which gives
∆c
V
∝
(
M0
MTC
− 1
)−1
. (36)
This relationship, shown in Fig. 10, allows us to see how the size of the jump in specific
heat would diverge if the orientational order in the system could be tuned to approachMTC .
For systems with athermal M0 it should be experimentally possible to drive the system to
tricriticality by varying the concentration.
B. Latent heat at the 1st order AC transition
For a 1st order AC transition there will be a latent heat absorbed in going from the C
phase to the A phase. This latent heat vanishes when the transition becomes tricritical. We
obtain the latent heat l for our model using l = −TC dfcdT evaluated at the 1st order boundary,
where for fc we use the expression given in Eq. (29). Using the relationship between τ and
T , as given in Eq. (31), we find
l = γc
dfc
dτ
∣∣∣∣
τ=τ
1st
= γc
a|h′0|
2s0
. (37)
As the transition becomes tricritical h′0 → 0− and the latent heat vanishes. Relating the
system’s bare orientational order M0 to its proximity to tricriticality (where M0 = MTC)
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gives
l ∝
(
1− M0
MTC
)
. (38)
This relationship allows us to see how the latent heat would vanish if the orientational order
in the system could be tuned to approach MTC . For systems with athermal M0 it should be
experimentally possible to drive the system to tricriticality, and the latent heat to zero, by
varying the concentration.
VI. BEHAVIOROF THE LAYER SPACING ANDBIREFRINGENCENEAR THE
AC TRANSITION
We next analyze the behavior of the orientational order (which is proportional to the
birefringence) and the layering wavevector (which is inversely proportional to layer spacing
d) close to the AC transition. As discussed following Eq. (9) above, for athermal M0
and q0, the temperature variation of M = M0(1 + ∆M) and q
2 = q20(1 + ∆q) comes from
the corrections ∆M and ∆q respectively. We thus seek the temperature dependence of the
corrections ∆M,q near the AC transition. Assuming, and verifying a posteriori, that the
corrections are small, we Taylor expand the free energy to order (∆M,q)
2 and minimize with
respect to ∆M,q, keeping only terms to lowest order in coupling coefficients. This is done
both within the A phase and within the C phase. Details of the analysis are given in the
Appendix A.
A. Orientational order near the AC transition
For the orientational order correction within the A phase we find
∆MA = |∆0M |
(
−1 + a0
3g0M0
τ0
)
, (39)
where τ0 is just the bare value of τ , i.e., τ evaluated at M = M0, ψ = ψ0 and q = q0. To
zeroth order in corrections ∆M,ψ,q, τ = τ0. The quantity ∆
0
M = −3g0q20|ψ0(TC)|2/γM < 0 and
for a continuous transition is just the value of the correction at the continuous AC boundary,
i.e., where τ0 = 0. At the 1st order AC boundary near tricriticality, at which τ0 = τ1st > 0,
the correction is a little bit larger than ∆0M [15]. Lastly, γM = d
2fM/dM
2|M=M0.
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From Eq. (39) we see that as the AC transition is approached from the A phase, i.e.
as τ0 → 0+, the correction ∆MA will decrease. For materials with sufficiently athermal M0,
this means that the orientational order will decrease as the transition is approached from
above. Using the fact that birefringence ∆n is proportional to orientational order M , the
fractional change in birefringence ∆∆n ≡ ∆n−∆nAC∆nAC (where the reader is reminded ∆nAC is
the value of the birefringence in the A phase right at the AC boundary) can be related to
∆M . It is straightforward to show that, to lowest order in ∆M , ∆∆n ≈ ∆M −∆0M . Thus, in
the A phase ∆∆n ∝ τ0 will decrease as the transition is approached from above, as shown in
Fig. (7). This is a feature that has been experimentally observed in some de Vries materials
[8, 9]. We find this feature particularly interesting, as it is the first example that we know
of in which the order of a phase decreases as a transition to a lower symmetry phase is
approached. It should be noted that in materials with a sufficiently strongly temperature
dependent tN , the growth of the “bare” (i.e., coupling-free) orientational order M0(tn) as T
is lowered swamps the effects due to the correction term ∆MA . In this case, the orientational
order would grow as the transition is approached from above.
To find the correction near the transition within the C phase one must separately analyze
the three distinct regions of the phase diagram, corresponding toXY , tricritical and 1st order
behavior. As one might expect, the dependence of ∆M on τ0 ∝ (T −TC)/TC ≪ 1 is different
in each region. However, near tricriticality the dependence on the tilt order parameter c in
each respective region (i.e. c
XY
, c
TC
and c
1st
) is identical and is given by
∆MC = |∆0M |
(
−1 + 1
2
(
1 +
2h0q
2
0
g0
)
c2
)
, (40)
where ∆0M is equal to the value of the correction in the A phase right at the transition [15].
In each of the three regions the orientational order grows as one moves into the C phase,
consistent with birefringence measurements of de Vries materials. Using the fact that the
optical axis tilt angle θ ≈ c near the transition, we predict that the fractional change in
birefringence will grow like ∆∆n ∝ θ2. It is important to note that while the dependence
of the growth of ∆∆n on θ is the same in each of the three distinct regions of the phase
diagram, the dependence on τ0 is not. This is because the dependence of c (and thus θ) on
τ0 differs in each of the three regions. For sufficiently large orientational order, away from
the tricritical point c ∝ |τ0| 12 and the growth of ∆∆n near the continuous transition will
scale like (TC − T ). For smaller orientational order, near the tricritical point c ∝ |τ0| 14 and
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the growth of ∆∆n will scale like (TC − T ) 12 . These scalings are shown in Fig. 7. Thus, our
model predicts that for continuous transitions near tricriticality one will see a particularly
rapid growth of birefringence as one moves into the C phase. For a 1st order transition there
will be a jump in c and thus an associated jump in the birefringence. Close to the tricritical
point, where the transition is weakly 1st order, this jump will be small.
B. Layer spacing near the AC transition
For the layering wavevector (which is inversely proportional to the layer spacing) within
the A phase we find that
∆qA = ∆
0
q +
a0M0
Kq20
τ0 , (41)
where ∆0q = a1M0/K is value of the correction at the continuous AC boundary and the
reader is reminded that a1 =
da
d(q2)
∣∣∣
q2=q2
0
. At the 1st AC boundary near tricriticality, at
which τ0 = τ1st > 0, the correction is a little bit larger than ∆
0
q [16]. From the above
equation we see that as the AC transition is approached, i.e. as τ0 → 0+, the layering
wavevector decreases. This corresponds to the layer spacing increasing, a feature which is
generally observed experimentally.
As with the orientational order, it is necessary to separately analyze the three distinct
regions (XY , tricritical and 1st order) of the phase diagram to obtain the correction near
the AC boundary in the C phase. Similarly, while the dependence of this correction on τ0
differs within each region, the dependence on the respective tilt order parameter c in each
region (i.e. c
XY
, c
TC
and c
1st
) is identical. It is given by
∆qC = ∆
0
q +
3|a1|M0
2K
c2 , (42)
where ∆0q is equal to the value of the correction in the A phase right at the transition
[16] and for a layer contraction (as opposed to dilation) to occur we have required a1 < 0.
Using the above equation and the relationship between layer spacing (d) and wavevector
(q = 2pi/d) we next seek the contraction in the layer spacing. This contraction is defined as
∆d = (dAC − dC)/dAC , where dAC and dC are the values of the layer spacing in the A phase
(right at the AC boundary) and in the C phase respectively. We find that this contraction
23
is given by
∆d =
3|a1|M0
2K
c2 . (43)
Near the transition θ ≈ c and the fractional contraction scales like θ2, as one would expect
from the simple geometric argument discussed in the Introduction. However, our theory
predicts that this fractional contraction is also proportional to the size of the orientational
order, M ≈ M0. Thus, systems with unusually small orientational order will exhibit an
unusually small layer contraction, as shown in Fig. 5. Given the fact that the tricritical
point predicted by our model also occurs for small orientational order, it would not be
surprising for some de Vries materials to exhibit AC transitions close to tricriticality. It
should also be noted that for the 1st order transition, the contraction will be discontinuous,
although the size of the discontinuity will nonetheless be proportional to the orientational
order, which if small will make the contraction small.
VII. SUMMARY
In summary, we have shown that our generalized Landau theory exhibits a biaxiality
induced AC tricritical point. The effect of the biaxiality is larger in systems with small
orientational order, which would correspond to systems with narrow A phases. This means
that the two mechanisms that have been proposed as leading to tricriticality in a system,
the coupling of tilt to biaxiality and the width of the A phase, can both be attributed to the
system possessing sufficiently small orientational order. For materials with excluded volume
interactions, one could reduce the orientational order, and thus access a tricritical point, by
reducing concentration. We have shown that the optical tilt, specific heat and latent heat
all exhibit the expected behavior near tricriticality. In addition, we have explored the effect
of proximity to tricriticality on these quantities, and we have quantified the effect in terms
the degree of orientational order in the system.
We have also analyzed the behavior of the birefringence (via the orientational order)
and the layer spacing (via the wavevector) for each of the three possible types of transitions
(XY -like, tricritical and 1st order) near tricriticality. For de Vries material the birefringence
has been shown to increase upon entry to the C phase and for a continuous transition this
increase is more rapid the closer the transition is to tricriticality. It was also shown that for
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materials with excluded volume interactions, birefringence will decrease as the AC transition
is approached from the A phase, implying a non-monotonic temperature dependence of
birefringence, a very unusual feature. We have used our model to obtain a relationship
between the layer contraction and the tilt of the optical axis as a system moves into the
C phase, for any of the three possible types of transitions. This relationship predicts that
systems with small orientational order in the A phase will exhibit a corresponding small
layer contraction. Our result correlates well with the diffuse cone geometric argument of de
Vries.
Our future work in this area will involve further generalizing our model to include chirality.
Having done so, we will analyze the electroclinic effect in materials near the AC transition.
Of particular interest will be how the size of electro-optical response depends on orientational
order and proximity to a tricritical point.
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APPENDIX A: CORRECTIONS TO THE BARE ORIENTATIONAL ORDER
AND TO THE BARE LAYERING WAVEVECTOR
In this Appendix we outline the procedure by which we obtain the corrections, ∆M and
∆q, to the bare orientational order and to the bare layering wavevector, respectively. This is
done near the AC boundary for both the A phase and the C phase. Near the AC boundary
within the C phase, we analyze separately the three regions of interest (XY -like, tricritical
and 1st order).
1. Correction to the bare orientational order
In this section we find the correction ∆M to the bare orientational order M0, where ∆M
is defined via the full orientational order M =M0(1 +∆M ). This is done by expanding the
free energy to order (∆M)
2 in the phase of interest and then finding the ∆M that minimizes
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the free energy.
a. Correction in the A phase
We begin our analysis of the correction in the A phase by expanding fM , given by Eq.
(9),
fM ≈ fM(M0) + 1
2
γMM
2
0 (∆M )
2 , (A1)
where γM = d
2fM/dM
2|M=M0.
In both the A and C phases, a non-zero ∆M is due to the coupling parts of the free
energy. In the A phase only the piece fMψ, given by Eq. (10), is non-zero. Expanding fMψ,
which requires the expansion of τ , yields
fMψ ≈ fMψ0 + q20|ψ0|2M0 (3g0M0 − a0τ0)∆M , (A2)
where fMψ0 and τ0 are the bare values of fMψ and τ , i.e. evaluated at M =M0, ψ = ψ0 and
q = q0. We have ignored order (∆M)
2 terms, which are higher order in the coupling than
the (∆M)
2 term in Eq. (A1) and are thus subdominant. Minimizing fM + fMψ with respect
to ∆M gives
∆MA =
q20|ψ0(TC)|2
M0γM
(−3g0M0 + a0τ0) , (A3)
where we have replaced ψ0 ≈ ψ0(TC) near the AC transition. The above expression can be
rearranged to give Eq. (39). From the above expression we see that the correction ∆M is
on the order of the coupling parameters, a0 and g0, and is thus small as was assumed in
expanding the free energy.
b. Correction in the C phase
In finding the corrections in the C phase near the AC boundary we first follow the same
procedure as for the A phase, namely the expansion of fM and fMψ as given by Eqs. (A1)
and (A2) above. We must also expand the piece of coupling, f ′c, that is non-zero in the C
phase. The prime indicates the use of the biaxiality renormalized u′c, as given by Eq. (22),
in fc, which is given by Eq. (12). For each separate region of interest (XY , tricritical and
1st order) we use the appropriate expression for c in f ′c.
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In the XY -like region we find
f ′cXY = −
r2c
4u′c
= −|ψ|
2a2τ 2
4h′0
. (A4)
Expanding τ and h′0 in powers of ∆M , keeping terms to lowest order in τ0 and coupling
coefficients gives
f ′cXY ≈ f ′cXY0 +
|ψ0(TC)|2M0a0τ0
2h′00
(
g0 + 2h0q
2
0
)
∆M , (A5)
where f ′cXY0
and h′00 are the bare values of f
′
cXY
and h′0.
Minimizing fM + fMψ + f
′
cXY
with respect to ∆M gives
∆MCXY =
q20|ψ0(TC)|2
M0γM
(
−3g0M0 + a0|τ0|
2h′00q
2
0
(
g0 + 2h0q
2
0
))
, (A6)
where, in neglecting the τ0 dependent contribution from fMψ, we have used the fact that
close to tricriticality h′00/h0 ≪ 1. Using the bare version of c = cXY as given by Eq. (26)
this expression can be rearranged to give Eq. (40).
For the tricritical region where, u′c is effectively zero, one must use f
′
c evaluated at c = cTC
which yields
f ′cTC = −
1
3
√
−r3c
vc
= −2|ψ|
2
3
√
3
√
−a3τ 3
s0
. (A7)
Expanding τ in powers of ∆M while keeping terms to lowest order in τ0 and coupling coef-
ficients gives
f ′cTC ≈ f ′cTC0 − |ψ0(TC)|
2M0
√
a0|τ0|
3s0
(
g0 + 2h0q
2
0
)
∆M , (A8)
where f ′cTC0
is the bare value of f ′cTC .
Minimizing fM + fMψ + f
′
cTC
with respect to ∆M gives
∆MCTC =
q20|ψ0(TC)|2
M0γM
(
−3g0M0 +
√
a0|τ0|
3s0q40
(
g0 + 2h0q
2
0
))
, (A9)
where, in neglecting the τ0 dependent contribution from fMψ, we have used the fact that
√
τ0 ≫ τ0 close to tricriticality, i.e. where τ∗ ≪ 1. Using the bare version of c = cTC as given
by Eq. (26) this expression can be rearranged to give Eq. (40).
Lastly we obtain the correction in ∆M in the C phase (where h
′
0 < 0) near the 1st order
AC boundary. We do this by expanding f ′c near the first order AC boundary, the expression
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for which is given by Eq. (29). Expanding τ , h′0 and τ∗ (which depends on h
′
0) in powers of
∆M while keeping terms to lowest order in τ0 and coupling coefficients gives
f ′c1st ≈ f ′c1st0 −
|ψ0(TC)|2M0|h′00|
3s0
(
1 +
√
1− 4τ|τ∗|
)(
g0 + 2h0q
2
0
)
∆M , (A10)
where f ′c1st0 is the bare value of f
′
c1st
.
Minimizing fM + fMψ + f
′
c1st
with respect to ∆M gives
∆MC1st =
q20|ψ0(TC)|2
M0γM
(
−3g0M0 + |h
′
00|
3s0q
2
0
(
1 +
√
1− 4τ|τ∗0 |
)(
g0 + 2h0q
2
0
))
, (A11)
where τ∗0 is the bare value of τ∗ and, in neglecting the τ0 dependent contribution from fMψ,
we have used the fact that close to tricriticality h′00/h0 ≪ 1. Using the bare version of
c = c
1st
as given by Eq. (28) this expression can be rearranged to give Eq. (40).
2. Correction to the bare wavevector
In this section we find the correction ∆q to the bare wavevector q0, where ∆q is defined
via the full wavevector q2 = q20(1 + ∆q). As with the orientational order, this is done by
expanding the free energy to order (∆q)
2 in the phase of interest and then finding the ∆q
that minimizes the free energy.
a. Correction in the A phase
We begin our expansion of the free energy in powers of ∆q by expanding fψ, given by
Eq. (7),
fψ ≈ 1
2
K|ψ0|2q40∆2q . (A12)
In both the A and C phases, a non-zero ∆q is due to the coupling parts of the free energy.
In the A phase only the piece fMψ, given by Eq. (10), is non-zero. Expanding fMψ yields
fMψ ≈ fMψ0 − q20|ψ0|2M0
(
a1q
2
0 + a0τ0
)
∆q , (A13)
where we have used the fact thatM is small near tricriticality. We have ignored order (∆q)
2
terms, which are higher order in the coupling than the (∆q)
2 term in Eq. (A12) and are
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thus subdominant. Minimizing fM + fMψ with respect to ∆q gives
∆qA =
M0
Kq20
(
a1q
2
0 + a0τ0
)
. (A14)
The above expression can be rearranged to give Eq. (41). From the above expression we
see that the correction ∆q is on the order of the coupling parameters, a0 and a1, and is thus
small as was assumed in expanding the free energy.
b. Correction in the C phase
In finding the corrections in the C phase near the AC boundary we follow the same
procedure as for the orientational order. To obtain the correction within the XY -like region
we use f ′cXY as given by Eq. (A4). Expanding τ and h
′
0 in powers of ∆q, keeping terms to
lowest order in τ0 and coupling coefficients gives
f ′cXY ≈ f ′cXY0 −
|ψ0(TC)|2a1q20a0τ0
2h′00
∆q , (A15)
where we have used the fact that M is small near tricriticality.
Minimizing fM + fMψ + f
′
cXY
with respect to ∆q gives
∆qCXY =
a1
Kq20
(
M0q
2
0 −
a0|τ0|
2h′00
)
, (A16)
where, in neglecting the τ0 dependent contribution from fMψ, we have used the fact that
close to tricriticality h′00/h0 ≪ 1. Using the bare version of c = cXY as given by Eq. (26)
this expression can be rearranged to give Eq. (42).
For the tricritical region we use f ′cTC as given by Eq. (A7). Expanding a and τ in powers
of ∆q while keeping terms to lowest order in τ0 and coupling coefficients gives
f ′cTC ≈ f ′cTC0 + |ψ0(TC)|
2q20a1
√
a0|τ0|
3s0
∆q , (A17)
where we have used the fact that M is small near tricriticality.
Minimizing fM + fMψ + f
′
cTC
with respect to ∆q gives
∆qCTC =
a1
Kq20

M0q20 −
√
a0|τ0|
3s0

 , (A18)
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where, in neglecting the τ0 dependent contribution from fMψ, we have used the fact that
√
τ0 ≫ τ0 close to tricriticality, i.e. where τ∗ ≪ 1. Using the bare version of c = cTC as given
by Eq. (26) this expression can be rearranged to give Eq. (42).
We conclude by obtaining the correction in ∆q in the C phase (where h
′
0 < 0) near the
1st order AC boundary. We do this by expanding f ′c near the first order AC boundary, the
expression for which is given by Eq. (29). Expanding τ and h′0 in powers of ∆q, keeping
terms to lowest order in τ0 and coupling coefficients gives
f ′c1st ≈ f ′c1st0 +
|ψ0(TC)|2a1q20 |h′00|
3s0
(
1 +
√
1− 4τ|τ∗|
)
∆q , (A19)
where we have used the fact that M is small near tricriticality.
Minimizing fM + fMψ + f
′
c1st
with respect to ∆q gives
∆MC1st =
a1
Kq20
(
M0q
2
0 −
|h′00|
3s0
(
1 +
√
1− 4τ|τ∗|
))
, (A20)
where, in neglecting the τ0 dependent contribution from fMψ, we have used the fact that
close to tricriticality h′00/h0 ≪ 1. Using the bare version of c = c1st as given by Eq. (28)
this expression can be rearranged to give Eq. (42).
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